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Abstract

This research paper's main goal is to provide and examine specific generalized forms of continuous functions
inside fuzzy topological groups. It clarifies fuzzy open homomorphisms as well.
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I. Introduction

Fuzzy sets, which deal with reasoning and systems where the concepts of membership or belonging are
not binary (i.e., in or out, true or false), were initially introduced by Zadeh [10]. Fuzzy mathematics allows for
several levels of membership or belonging, represented by numbers in a range of the closed interval [0,1], as
opposed to a rigid dichotomy: yes/no or true/false. As demonstrated by numerous writers who have examined
the application of fuzzy sets in various domains, including medical research [7], safety and reliability
engineering [6], and artificial intelligence [9], this improves human ability to deal with ambiguity and
vagueness, which arise in many real-life circumstances. Several writers have proposed generalisations of fuzzy
sets that consider the grade of non-membership under certain restrictions that preserve the total or power sum of
both grades of membership and non-membership less or equal to one in order to tackle complex problems.
These include intuitionistic fuzzy sets [5], Pythagorean fuzzy sets [8], (2,1)-fuzzy sets [2], (m, n)-fuzzy sets [3],
soft (m, n)-fuzzy sets [4], complex nth power root fuzzy sets [1], and so on.
For all h € H, the constant fuzzy sets with membership values of 0 and 1 are represented by 0y and 1,
respectively. J¥, where ] = [0,1], is a collection of all fuzzy subsets in H. The negation of K = 1, — K defines
the fuzzy complement of K € J¥.
Definition 1.1 Let H be any group. Then, a fuzzy hausdorff space (H, €) is said to be a strong fuzzy topological
group if R: p(H) x p(H) = p(H) defined by R(s,, ty) = s,t,, for every (5% ty) € p(H) X p(H) is continuous

where 5, (0) = (Hsye, (u1), 1= by () ) = (min (1, ), e, ) ) max (1 = 15, (0,1 = e, ) ).
Definition 1.2 Let H be any group. Then, a fuzzy hausdorff space (H, €) is said to be a strong fuzzy topological
group if g: p(H) - p(H) defined by g(s,) = s, 1, for every s, € p(H) is continuous.

Definition 1.3 Let g: p(H) — p(H) be the identity map, which is continuous then u™! = u vV u € p(H).
Definition 1.4 If R: p(H) X p(H) — p(H) defined by R(Sx,ty) = syt, for every (sx,ty) € p(H) X p(H) is
fuzzy continuous, then n: H X H = H defined by n(u, v) = uv is fuzzy continuous.

Definition 1.5 If g: (H,,€;) — (H,, €;) be a fuzzy continuous function between two fuzzy topological spaces
(H,, €,) and (H,, €,) if and only if the induced function R;: (p(H,), 7.,) = (p(Hs), T¢,) is continuous.

Definition 1.6 If p,,p, € p(H) and t; = supp;, t, = supp,. Then, p, . (t;,t;) < min (upl(tl),ypz (tz)) <

tp (t1) and 1 —p, (6, t;) = max (1 = Up, (61), 1 — iy, (tz)) 21—, (t1), where pip, = (:uplpz' 1-
Hp,p,) is a fuzzy singleton defined on t;t,.

Preposition 1.1 Let (1, 7,) € p(I) ie. 1y = (url, 1- ,url) Ep(D,n, = (/,trl, 1- url) € p(I) be fuzzy singleton
defined on uy, u, such thatr; € dg,|;, 7, € dp,|;, and I is a subgroup of H. Then,R,(aﬁﬂ, X 0[;2“) C dpyr-

2. New Results

Claim 2.1 For each (s, t,) € p(H) X p(H), if R:p(H) X p(H) - p(H) defined by R(sy,t,) = syt, is
continuous, then n: H X H —» H defined by n(u, v) = uv is fuzzy continuous.

Proof. Assume that R is continuous. Let r = (u,, 1 — u,.) be a fuzzy point in H X H with support {(u, v)} in
order to demonstrate that n is a fuzzy continuous. Let u,(u,v) € (0,1) and 1 — u,-(u,v) € (0,1). Let H be a
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fuzzy open set with @ = (u,, 1 — pg) and n(r) = (,un(r), 1- ,un(r)). The formula for py,(x) is sup (xy,x;).

X1Xp=X
Thus, n(r) is a fuzzy point with value r(u, v) specified on uv. Define fuzzy singletons r; = (url, 1- url) and
T, = (urz, 1- /.4,2) on u and v, respectively. pu,(uv) and 1 — p,(uv) is the fuzzy value of a fuzzy singleton
(,url, 1- ﬂr1)~ The fuzzy values of a fuzzy singleton (url, 1- ,url) are 1 and 0.

Since, 7o) = (Hyy, (W), 1= iy, @) ) = (min (i, (), 17, ) max (1 = 1, (@), 1 = g1, () ) =
(ta(uv), 1 — py(wv)) mry € @ and 17y € 8,. There exist a; = (ual, 1-— ual) Ets and a, = (uaz, 1-—
uaz) € 75 such that 1, = 04,,7, = 0g, and 0y, d,, S 9, since R is continuous and 77, € 9, € T5. We must
demonstrate  that 7 € a; X @p, O iy € flg,xq,- In  this  caseu,.(uv) = ppp) (W) < p,(uv) =
min (g, (), fy, (¥) ) < min (1, W, fary (0)) = ey,

(w,v)so r € a; X a,. We now demonstrate the idea that n(a, X a,) is a subset of a. By definition,

MGy ) = sup min (g, (1), ey (2)) = oy eay (1, %2).

X1Xp=X
Now, 04,04, € 0, i.e. min (,ual(u),uaz(v)) = Ug(uv) then as a result, Uiy xa,)(X1,X2) < pHe(Xy,X2) =
Ua(x), YV u,v € H. Therefore, fiy(q, xay)(X) < Ug(x). Therefore, n is fuzzy continuous according to the notion
of fuzzy continuity.

Claim 2.2 If (H, €) is a fuzzy topological space on group G, then (H, €) is a strong fuzzy topological group if
and only if Ry: p(H) x p(H) defined by Rf(sx, ty) = Sty "V (5% ty) € p(H) X p(H) is continuous.

Proof. Assume that the fuzzy topological group (H, €) is strong. Let t,, = He,, and s, = pg, be fuzzy singletons
defined on x and y respectively. Let gy, g,: p(H) = p(H) be defined by g,(s,) = s, and g, (ty) =t
respectively. It is evident that g; and g, are continuous. Thus, g(sx, ty) = (sxty'l) defines the function
g:p(H) X p(H) » p(H) X p(H). V (sx,ty) € p(H) X p(H) is continuous. Since Rf(sx,ty) = sxty_1 =

R (g(sx, ty)) = (R.9) (50 ty), Rs is continuous.
On the other hand, suppose that Rf(sx,ty) = Sty 7'V (5% ty) € p(H) X p(H) is continuous. Naturally,
f(s) =s, 1= Rf(h(sx)) = (Rf.g)(sx) is continuous since the function h: p(H) — p(H) X p(H) defined by
h(sy) = (f.,sx) is continuous. g,:p(H) = p(H) is g,(sy) =Sy, then T:p(H) X p(H) = p(H) X p(H) is
continuous if t(sp ty) = (S0 (S0 ty) = (5et,71).
Since R(sx, ty) = R¢ (T(Sx, ty)) = Ry. 7, R is continuous, and (H, €) is a strong fuzzy topological group.

Claim 2.3 Let I be a fuzzy topological subgroup of (H',€) and let ¢: (H,e) - (H',€) be a continuous fuzzy
open homomorphism. If @(B8) € p, then B = (uﬁ, 1- HB) €6 and a = B|e~1(I), meaning that Ug =
pplo™*(1) and 1—pp =1—ppgle '(I). Furthermore, Ry, (8p, X 0p,) S 0ppys Hereim1 < gy, and
Hop)ir — nu'tité_l < 0. Next, ﬂtltz—l(vlvz_l) =< M(p(ﬁ)“(vlvz_l)a H(p(ﬁ)u(vlvz_l) - .utltz‘l(vlvz_l) <0 and
e (s > pg g (™), g (g™ — pgr g (g™ < 0,

Proof. Given that ¢ is a fuzzy homomorphism and [ is a subgroup, (Mtltz—l (vvy 1)) =
min (g, (02, o2 (03 1)) < min (g, (), ;1 (1Y) = pg o1 (uz?) < pauz?) = gy uz) <
top(wivzh) and similarly (1 - ytltz—l(vlvz‘l)) = max (1 — ytl(vl),ytz—l(vgl)) > max (1 -

oy ) i1 (471) = 1= g1 (15" 2 gyt = 1= s (g @yt 2 1= ey (0395, 50 the
outcome is p, (uquy1) — ,usiséﬂ(ulug‘l) < 0. Once more, since R, (9p, X 0p,) S (15 el et < B
and Hopr — Helel-t = 0. Then llsisé—l(uﬂlé_l) = Herelt (v H) < #<p(ﬁ)|1(171172_1) = Ug (uuz )
ta(uiuy ™) and 1- Hgrsi—1 (uu; ) =1~ Hirel—1 (v D=1~ #zp([;)|1(v1v2_1) =1-
tp(@(wey)™) = 1— ug(uyuz ™). So, the outcome is pq(uguy ) — ﬂsisé—l(ulué_l) > 0. Hence, the
result.

Claim 2.4 If ¢:p(H; X H,) X p(H, X H,) = p(H; X H,) defined by ¢(%,,s,) = r,s,, where r,, and s, are
fuzzy singletons defined on (u,,u,) and (v;,v,) respectively. Then, <p(a,; X ay) C 0,. Also, if g: (Hy,€,) =
(H,, €;) be fuzzy open, g(a,), g(a,) € €, with g(a;)|g(I) = g(B1), g(az)|g(D) = g(B,) and s; € ;. Then
e, (V1) < pgpy(v1) and pgep,y (1) —ue, (v1) = 0.

Proof. Let ¢ € dg and € € 9, where € and € are fuzzy singleton defined on (xq, x,) and (y,,y,) respectively.
Now, we have to prove that
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€€ € Oy ee(Xy %1 Y1,%3 %2 Y,) = min(,ug(xl,xz), #e(}’p}’z)) < min (.“ﬁ(xpxz)» ﬂy()ﬁ'}’z)) = min ((Hﬁl X
g,) (a2, (1y, Xy, ) (1, ¥2)) = min ((ug, X py,) Geuyn), (g, ty,) 062, ¥2)) <

min(ﬂal(xl *1 3’1)'#0:2 (22 *, YZ)) = (.“al X :uaz)(xl *1 Y1, Xz *3 V) and

1= pee (g %1 Y1, X2 %2 ¥2) = max(l — pe(x1,%3),1 — #5(3’1:3’2)) = max (1 - .“,B(xl:xz)' 1- #y()ﬁ:h)) =

max (((1 - “131) x(1- ,u,;z)) (x1x5), ((1 - ,uyl) x(1- ,uyz)) (y1,¥)) = max (((1 - M/gl) x(1-
#yl)) (x1¥1), ((1 - #ﬁz) X (1 - .“yz)) (xz'Y2)) = max ((1 - .u-al)(xl *1 Y1), (1 - .“az)(xz *2 3’2)) =

((1 - #al) X (1 - #az)) (X1 *1Y1, X2 %2 ¥2).

Hence €€ € dg,xp, S 0, and on the other hand s; € By, us, < ppg, = fgy and 1 —pg <1 —pg =1—pgy,.
Now, g, (1) = ps, (Wy) < pg, (W) = pgpp(wy) and 1 —pp (1) =1—pg (uy) 21— pp (uy). Thus,
tgpp) W1)—He, (V1) = 0. Ofcourse, (tq,t;) € 9g(p,) X 9y(p,) and hence, the result.

Final remarks

This study examines the features of continuous functions in simple fuzzy topological groups and
validates previous claims about them. This idea can be expanded in the future to include Pythagorean fuzzy sets,
rough fuzzy sets, and intuitionistic fuzzy settings. As a result, this provides a fresh perspective on fuzzy
topological algebraic structures.
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