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Abstract: This paper studies different properties of canonical cosine transform. Modulation heorem is also
proved. We have proved some important results about the Kernel of canonical cosine transform.
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. Introduction

The Fourier transform is certainly one of the best known of integral transforms, since its introduction
by Fourier in early 1800's.

A much more general integral transform, namely, linear canonical transform was introduced in 1970 by
Moshinsky and Quesne [5]. In 1980, Namias [6] introduced the fractional Fourier transform using eigen value
and eigen functions.

Almeida [1], [2] had introduced it and proved many of its properties. Zayed [9] had discussed about
product and convolution concerning that transform. Bhosale and Choudhary [3] had studies it as a tempered
distribution.Number of applications of fractional Fourier transform in signal processing,image processing
filtering optics, etc are studied. Peiand ding [7] ,[8] had studied linear canonical transforms.

The definition canonical cosine transform is as follows,
ifde ifa)e
{CCT f(t)}(s)= l_ eZ[b) jcos(EtJeZ[b) f(t)dt for b0
\27ib o0 b

_Jde?™ f(ds) for b=0

Notation and terminology of this paper is as per Zemanian [10], [11].The paper is organized as follows. Section
2 gives the definition of canonical cosine transform on the space of generalized function and states the property
of the kernel of the canonical cosine transform. In section 3 modulation theorem is proved. In section 4, time
reverse property, linear property, parity are proved. In section 5, operation transforms in terms of parameter are
discussed and lastly the conclusion is stated.

Il.  Generalized Canonical Cosine Transform
2.1 Definition : The canonical cosine transformof generalized function is defined as

{CCT F()}(s) =< (1) Ko (8:5)>

Where kernel K (t S) = Le;[g] Z e;[z}z cos(itJ
(ab,cd) \ " m

Clearly Kernel K, . (t,;s)€E and K, (t.s)e E(R”) the kernel (1) Satisfies the following properties.

2.2 Properties of Kernel :
2.3 K(avb,cd)(t,s);t K(abcd)(s,t) if a=d

2.4 K(a,b,cd ( ) (ab.c.d) (S't) ifa=d
2.5 Kabcd)(t's) (a,-b, cd)(t’s)
2.6 K ( t’S) abcd)(t’_s)

(a,b,c,d)
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2.7 Definition of canonical sine transforms as ,

1 bk [s j )
f = = f(t)d for b
{CST f(1)}(s) |me [sin| -t]e (t)dt orbs0 o
_ g™ t(ds) for b=0

As we have obtained few properties of canonical sine transform in [4], we establish similar properties of
canonical cosine transform here.

1. Modulation Theorem for Canonical Cosine Transform

Theorem 3.1: If {CCT f (t)}(s) is canonical cosine transform of f(t), f (t) eEl(Rl) then

e
{CCT cos(ut) f (1)} (s) ==

[{CCT 1 ()} (s+bu)e ™ +{CCT (1)}(s-bu)e™ ]

Proof: Using definition of canonical cosine transform

e
{CCT f (t)}(s): m

©

Tcos(%t)e;(thZ f(t)dt

(CCT cos(ut) f (1)} (5) = ﬁe;(gjﬁ Icos(%tje;[s)tz cos(ut) f (t)ct

(
{ ! e%(%]sz Tcos((H—;b)]te;(Z}Z f(t)dt+ ! e%(%)sz T cos(%)te;@ﬁ f (t):l

Zﬂ'ib -0

+ l:—l eé(gj(wb)z ei“dse%(dUZb) Ojo cos( > _bUbjt elz(%]tz f (t)dtﬂ

{ Lol g ) cos(S ZUbjte;(:jtz f (t)dt}

==——[{cCT f (O)}(s+bu)e ™ +{CCT  (1)}(s—bu)e™ |
Theorem3.2: If {CCT f (t)}(s) is canonical cosine transformof f (t), f (t)e E*(R")

Then {CCTsinut 1 (1)) (s) = 212" [{CST f ()} (s—ub)e™ +{CST 1 (t)} (s +ub)e ™|

Proof : By using definition canonical cosine transform
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{CCT f(t)}(s)= \/;We;(z]sz Icos(%t)e;@tz f (t)dt

{CCTsinut f (t)}(s) = Le%@sz [ cos (%tj.e;@]tz sinut f (t)dt

d)e

1 [ J 1 s b
- 27r|b > [O(Zcos(b Jsmut]e f(t)dt
1

i
,Elz

=mem)sz%i[sin[%Hutj—sin(%t—utDeZ(b f(t)dt

= [{CST f (1) (s-bu)e™ +{CST f (1)} (s-+ub)e™

Theorem 3.3: If {CCT f(t)}(s) is canonical cosine transformof f (t), f (t)e El(Rl)

Then

{CCT e f(t)}(s)
_Egale™ (e [{CCT f (t)}(s+ub)~{CST f (1)} (s+ub) ]+ &= [{CCT (1)} (s-ub)—{CSTF ()} (s-ub) ]} -+~ )

2

IV.  Some useful Properties:
In this section we discuss some useful results.

4.1 Time Rewerse Property: If {CCT f (t)} is canonical cosine transforms of f (t), f(t)eE*(R") then

{CCT f(-t)}(s)={CCT f(t)}(s) (6)

Proof : Using definition of canonical cosine transforms of f (t)

i(d

{CCT £ (t)}(s)=—= e;[(;)szicos(%tj eg(g]tZ f (t)dt

{CCT f(-t)}(s)= ﬁe;msz icos(%t} eiz(%}z f(~t)dt

Put -t=x St=-X

Hence dt =—dx, also t — —oo tooo, X — 00, —00

om0} Tom el
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{CCT f(-t)}(s)= —ﬁe;(g]sz ;j: cos(% xje;[(‘ﬂXz f(x).dx

Replacing x by tagain

= —21 = e%[%JSZ i cos(%t}e;mtz f(t)dt
J27i o

~{ecT H)(s)={ceT 1 (0)(5)
42 Parity: If {CCT f (1)}(5) is canonical cosine tansformof  f (1) E*(R") then
{ocT £ (-0)(s)={ccT £ (v)(-5)
4.3 Linearity Property: If C,, C, are constantand f,, f, are functions of t then
{CCT[C,A (1) +C, ()]} (5) =G {CCT 1, (D} () +C, {CCTH, ()} (5)

V.  Operation Transform in Terms of Parameters

This section presents the operational formulae for canonical cosine transform with shifted parameter
‘s “ and differential of canonical cosine transform with respect to s.

Theorem5.1 : If {CCT f (t)}(s) is canonical cosine transformof f (t) in terms of parameter s, then

feer t (o)) -e2 " fecr o) 05 F{esTan( 1 0} o)

| , L 3l
Proof: We know that” ~ {CCT f (t)}(s) = e [ cos e f(t)dt

\27ib 0

{CCT f(t)}(s+a)= L eiz(%j(smf i cos(SL;l)tJre;[s}z f(t)dt

J27ib o
:\%e;[i)(smwa 1{0 ( j %) sm( Jsm(gtj}e;(i}?f(t)dt

0S
1 iz[%)(sz+25(1+a © ( S \]
=—=8 COos
J27ib -[o

= —2:7Lrib eIE(E]SZ eé[g)(zsamz) l: | cos ;tj cos(%

j b dt—ﬁjosm(%t]sin(%tje;@tz f (t)dt}
t)dt— | sm(i js n(%t}e;[z)tz f (t)dt}

_ eila o) HCCT cos [%t f (t)}(8)+ {CST Sln[ J f (t)(S)H

Theorem5.2: If {CCT f(t)}(s) is canonical cosine transformof f(t) in terms of parameter S

CJ'|Q

{
{
)
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deer i ](s)—.( j{CCTf(t)}() i{CST[%jf(t)}(s)

Then > =7 LAY (10)

or %[CCT f (t)](s):i[[%J{CCT f(t)}(s)— {CST( jf (t)}( )} ------------ (11)
Proof: Using definition of canonical cosine transform

{CCT f(t)}(s)= Le%[%jsz I cos(%t]e;@tz f(t)dt

\J27ib w0

. %{CCT f(t)}(s) 2%{\/%62(3]* I COS(%tje;(z}z f (t)dt}

= »\/ztz_ibze;@tz {%{e;(g}z cos(%tﬂ f (t)dt}
- \/%ie;(z}z {e;(gjsz cos(%t]i(%j—sin(%tje;@sz [%H f(t)dt

= {%} Jziz_ibe;[gjsz ;jicos(%tJe;(zjtz f(t)d —% \/th_ibe;[g)sz zsin(gt]e;[z)tz (%j f(t)dt

f[ j{CCTf(t)}(S)+ {CST f(t)}(S)

{CST[ j f (t)}(s)f—{CCT f(0)}(s)
~ S fcer f(t)}(s)::l( j{CCT F )} (s)+ L {CST[ jf(t)}( )

%{CCT f (t)}(s):{CST f(t).[%)}(s)—(%){CCT f (1)} (s)

VI.  Conclusion:

The canonical cosine transform, which is the generalization of number of transforms is itself
generalized to the spaces of generalized functions as per Zemanian. This transform is used to solve ordinary
or partial differential equations. This transform is an important tool in signal processing and many other
branches of engineering. In this paper we have discussed some of its properties.
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